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Abstract

The suspension-loop construction is used to define a process in a symmetric monoidal category.
The algebra of such processes is that of symmetric monoidal bicategories. Processes in categories
with products and in categories with sums are studied in detail, and in both cases the resulting
bicategories of processes are equipped with operations called feedback. Appropriate versions of
traced monoidal properties are verified for feedback, and a normal form theorem for expressions
of processes is proved. Connections with existing theories of circuit design and computation are
established via structure preserving homomorphisms.

1. Introduction

Certain dynamical systems can be tempered to behave as input—output devices. As
examples, compare the following two types of input—output systems: a field-effect tran-
sistor (FET), for which an input is a gate potential that controls a current flow within
the device; and a machine programmed to carry out a specific procedure, for which an
input is a datum upon which the procedure acts. In the first example an input can be
viewed as an action on one part of the device which results in a change of state of
the whole system, including the output port. In contrast to this, an input for the pro-
grammed machine is an initial state of the device, while an output is an equilibrium
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state which the machine may reach. Clearly, these two examples represent different
classes of input—output systems.

In this paper, the notion of a process in a symmetric monoidal category is introduced.
A circuit, which is defined to be a process in a category with products, is intended to
model a system such as a FET, while programs, algorithms etc. are modelled by Elgot
automata — processes in a category with sums.

The algebra of such processes is that of monoidal bicategories equipped with an
operation called feedback. Compact closed categories and Cartesian bicategories [6]
have been used as a model for circuit design [11, 4] as well as a paradigm for the
semantics of computation [1]. Due to the symmetry of the structures there investigated,
these models, unlike the one here presented, are unable to treat the asymmetric nature
of the roles of input and output in processes.

After presenting some basic definitions in the following two sections, a link is made
in Section 4 with the theory of traced monoidal categories [12]. A normal form theo-
rem for expressions of processes is also proved. Behaviours and equilibrium states of
circuits are then defined (via structure preserving homomorphisms), providing precise
connections with some existing theories of circuit design. In Section 6, we introduce
Elgot automata and briefly discuss the relation with iteration theories [3].

The reader may ask: are bicategories, rather than categories, necessary for modelling
processes? While the objects of any abstract category may be thought of as states,
and the arrows as processes, the kinds of processes discussed above have internal
structure and may be compared. As these comparisons naturally arise as 2-cells, the
above question must be answered in the affirmative. In most systems it is the internal
structure that is interesting. Indeed, complex systems constructed with the operations
series, parallel and feedback may have neither input nor output. Bicategories play an
essential role in modelling these structures.

2. Processes in a symmetric monoidal category

We begin by defining the suspension-loop construction and apply it to symmetric
monoidal categories (C, ®). This yields a symmetric monoidal bicategory QZ(C, ®), the
bicategory of processes in (C,®). The notions of infinitesimals and delayed processes
are then introduced. For legibility, we write as if our monoidal categories were strict.
The symmetry for a tensor will usually be denoted by cxy : X @Y - Y ®X.

2.1. The suspension-loop construction

If (C,®) is a symmetric monoidal category, let Z(C,®) denote the suspension of
(C,®), the bicategory with one object, whose 1-cells and 2-cells are the objects and
arrows of C respectively, and where horizontal composition is given by the tensor prod-
uct and vertical composition is the same as the composition of arrows in C. The struct-
ural isomorphisms and functoriality of ® guarantee that X(C,®) has the identity,
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associative and middle-four interchange laws. Furthermore, as ® is symmetric, it in-
duces a symmetric tensor product on X(C,®) which, when there is no cause for am-
biguity, is also denoted by ®.

Let N denote the additive monoid of natural numbers, that is, the one object category
generated by one arrow. If 4 is a bicategory, let 22 denote the bicategory of functors,
lax transformations and modifications from N to %. (See [2] for more on these and
other bicategorical notions.) Explicitly, we have:

e an object of 2 is an endomorphism in &, X : a — a;
e an arrow from X :a —ato Y :b — b is a pair (U, a), where U is an arrow and o
is a 2-cell in # of the form

X
q———————d
U| L// 1U
b b

Y
e and a 2-cell from (U,a) to (V,B) is a 2-cell 8 : U — V in & such that

X X

a ——————>d a ———————> Qa1
l % ‘ 9 0' / '
v vics|lu = vl U
b——F—b b Y b

2% may be thought of as the loop space of #. As this bicategory is a ‘functor
category’, a symmetric tensor on 4 induces one on Q% in a natural way.

Definition 1. If (C,®) is a symmetric monoidal category, the symmetric monoidal
bicategory Q2(C,®) is called the bicategory of processes in (C,&). An arrow in this
bicategory is called a process in (C,®).

A process (U,a) : X — Y is said to have U as its state-space, X as its input and
Y as its output; the morphism o : X @ U — U ® Y is referred to as the dynamics of
the process. The terms X; and Y; in the expression

U Xi® - 0X, 211 R ---QY,

are respectively called the ith input and the jth output of the process.
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2.2. Infinitesimals and delayed processes

An infinitesimal is a process whose state-space is /, the unit for ®. The arrows in
C which can be constructed from identity arrows using only the structural properties
of ® are referred to as the constants for ®. So, the constants in a symmetric monoidal
category are those arrows built from identities and symmetries (as well as the unit
and associativity isomorphisms, of course) by repetitive application of composition
and the tensor product. (So, in giving a constant one gives a family of objects and a
permutation of that family.) A wire is defined to be an infinitesimal whose dynamics
is a constant. If ® is a product, the meaning of constant is extended so that it refers
to arrows which may be built out of identities, symmetries, projections and diagonals.
We extend the definition of the term constant in a similar way if the tensor is a sum
(that is, we include injections and codiagonals). A wire whose dynamics is a constant
built out of only identities and symmetries is called a permutation wire (or, merely, a
permutation).

The reason why such processes are called infinitesimals will be made clear in
Sections 5 and 6, wherein behaviours of processes are defined.

Given a process of the form

Ua): Xi®-- X —-Y i ®---QY,
and i € [n], construct a new process
Uy, XiQ® QX —=Y1Q-- @Yy,
where
Ua)x, = (X @ U,(X; ® 2) - (cxio--0Xi-1.X @ CXine--ox.x @ U)).

This process is said to have been formed by delaying the ith input on (U, «). Similarly,
the process

Yj(U’a) = (U & X]’(U RCr9--® Yi_1,Y; @ ch+l®"'®Ym;Yj) : ((1 ® Yj))

is said to have been formed by delaying the jth output of (U, a). Note that delaying an
input or output X of a circuit may be achieved by composition with the circuit (X, 1yy ) :
X — X; for example, if (U,a) is a process with input X, (U,a)y = (U,a) - (X, 1xx).

Of course, iterating and combining both procedures may result in processes that have
had their inputs and outputs delayed several times. This terminology will be justified
in Sections 5 and 6, where it will be shown that processes model devices that can
store both inputs and outputs for set periods of time.

The following two evident propositions relate composition and tensor product with
delays.

Proposition 1. Let
Ua) X ->1"N® - QY, and (V,): Q- - QY,—2
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be processes. Then for all i € [m] the unit and associativity isomorphisms of ® yield
the following natural isomorphisms:

L (V. B) - v(U,a) = (V, By, - (U, );

2. z(V.p)- (U, ) = z((V, B) - (U, @)); and

3.0 (Uo)y = (V. B) (U, a))x.

Proposition 2. Let (U,2) : X1 ® - X, > V1 ®---® Y, and (V,): A — B be pro-
cesses. Then for all i € (n] and j € [m] we have the following natural isomorphisms:
L (Ua)x, @V, ) = (U, x) @ (V. B))x;; and
2. y(Ua) @ (V,B) = v,(U,2) @ (V, B)).

3. Circuits

An operation fb, which is an abbreviation of the word feedback, is defined for
bicategories of processes in categories with products. We then construct diagrams for
expressions in such bicategories. Finally, some brief remarks are made regarding the
connection between these processes and dynamical systems.

We adopt the following conventions when working in categories with products. If
A4 and B are objects and f is an arrow, AB and Af denote 4 x B and 1, x f re-
spectively. Given a family of maps (x;: S — X;)ic[5, where n is a natural number,
(x1,...,x) : § — X;...X, denotes the unique map defined by the universal prop-
erty of products. Furthermore, a composite of the form f- (xi,...,x,;) will often be
written as just f(xj,...,x,). If ¢:[j] — [n] is an injective function, we will write
Py Xy - Xioo o Xn = Xpy...Xg(;) for the obvious composite of symmetries and
a projection (except, of course, in those circumstances where this notation would be
ambiguous).

3.1. Feedback of circuits

If C is a category with finite products, write Cire(C) for QZ(C, x). A process in
(C, x) is also called a circuit in C.

Suppose (U,2): X ®Y — Z®Y is a circuit in C with the property that there exists
7: XU — Y such that the diagram

(Xew,y ) (1xu,T) prea
_XYU 3 Y
Py

is an equalizer in C where py : XYU — Y and py : ZYU — Y are projections. (Note
that there can exist at most one map 7 satisfying this condition.) In this case we say
Y can be fed back in (U,a); also, T is called the structure map for feeding back Y
in the circuit. For any triple of objects X, Y and Z in C, define (C, x)}, » to be the
full subcategory of Circ(C)(X ® ¥,Z ® Y) consisting of those circuits which have a
structure map for feeding back Y.
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Definition 2. The functor fb(C, x)} ;:(C, x)} ; — Cire(C)(X,Z) is specified as fol-
lows:

(a) If (U,a)€ob((C, x)}\i’z) has a structure map t for feeding back ¥,
f5(C, x)x,z(U,2) = (U, pvz - o - (Xeu,y) - (Lxw, 7)) € Cire(C) (X, Z).

b) If (U,a),(V,B) € ob((C,x)/{i’Z) and 0:U — V defines a 2-cell from (U, )
to (V,B) in Cire(C), 6:U — V will also define a 2-cell from fb(C, x)/’\i’z(U,a) to
f(C, %)} 2(V; B).

To see that this last statement is true, let us first consider the diagram

YU Key) (e T) YTU _ P v

’

Dy
XYe 1y

(Xey)-(1y0) _ b

XV XYv Y
Py

where © and o are the structure maps for feeding back Y in (U, «) and (V, ) respec-
tively.
The condition that 8 : U — V defines a 2-cell from (U, a) to (V, f) is

(6ZY) - a = B - (XT0). (1)
Therefore,
Py - B (XY8)= py - (6ZY )
= py - &

We also have that p} - (XY0) = py. These last two results, when combined with
the fact that the top and bottom lines of the above diagram are equalizers, imply the
existence of a unique y : XU — XV satisfying the equation

(XY0) - (Xeu,y) - (1xv, 7) = (Xewy) - (lxy,0) - x- (2)
If (x,u) is any arrow into XU,

(XY8) - (Xey,y ) - (Lxw, T)(x, u) = (x, o(x, u), 0(u)),
and

(Lxy,0) - x(x,u) = (x(x,u),0 - x(x,u)).
So by Eq.(2), x(x.u) = (x,0(x)) and ©(x,u) = o(x(x,x)). That is,

¥y=X0 and 1=0-y=0-(X0). 3)
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Also note,
(X0Y) - (1xy,0 - (XB))(x,u) = (x, 8(u), 6(x, 8(x,u)))
= (lxy,0) (XO)(x,u).

Finally,

(0Z) - puz -« (Xeyy) - (lxu, 1)
= pvz - (0ZY) - o (Xeyy) - (1w, 0 - (X0))  (by (3))
= prz - B (XY0) - (Xeyy) - (I, 0 - (X8)) (by (1))
= prvz- B Xev,y) - (X0Y) - (L, 0 - (XB))
=prvz B Xevy)  (lxv, 0) - (X0) (by (4)).
Thus 6 defines a 2-cell from fb(C, X )} ,(U,«) to f(C, x )} (¥, §). Clearly fb(C, x )} ,
is functorial. If there is no cause for ambiguity, fb(C, ><)§’Z will be written as fb}', 7

So the symmetric monoidal bicategory Circ(C) can be equipped with a family of
partially defined functors

fo} , : Cire(C)(X ® ¥,Z ® Y) — Cire(C)(X, Z).

The reader is reminded that in [12] a trace for a balanced monoidal category ¥~ was
defined to be a natural family of functions

Try,: V(X ®Y,Z®Y) - ¥(X, Z)

satisfying three axioms. In the next section, we will show that feedback satisfies the
defining properties of a trace, with the equations being replaced by natural isomor-
phisms. In fact, for suitable C, Circ(C) is a locally full sub-bicategory of a compact
closed bicategory. (This fact will be treated in a future paper.)

There are enough equalizers in categories with products so that suitably delayed
circuits can be fed back. Given (U, a) : X®Y — ZQ®Y, it is clear that py-a : XYU — Y
will be the structure map for feeding back Y in (U, a)y. Also py : XUY — Y will
be the structure map for feeding back Y in y(U, ). We leave to the reader the verifi-
cation of

Proposition 3. For any (U,a) : X ®Y - ZQY, cyy : YU — UY defines a natural
isomorphism

foy 2((U, @)y) = (YU, cyzy - @)
= (UY,(Uczy) - @ - (Xeu.v))
= fby (v (U, a)).
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Another operation, which might be called feedback, can be defined for processes in
any symmetric monoidal category as follows:

feedbackg : QE(C,®)X @ Y,Y ® Z) — QX(C,®)X,2Z)
(U,a) = (Y QU,(cuy ®Z) - a).
If(Ua): X®Y - Y ®Z is a circuit,
feedback g (U, o) = fby (U, (Ucy,z) - #)y).

Though this more general feedback operation is important (and may, in fact, be treated
in a very elegant fashion), it will not be studied independently in this paper. We should
remark that feedbackg does not satisfy all the axioms for a trace.

3.2. Circuit diagrams

The advantage of being able to draw diagrams for expressions in monoidal categories
have long been recognized. Circuit diagrams — diagrams associated to expressions of
circuits — are to be read from left to right (unlike the string diagrams depicted in [12]).

A circuit of the form (U,a) : X1 ® - ® X, - Y1 ® --- ® ¥, is represented by the
diagram

In Fig. 1 circuit diagrams have been drawn for all the operations discussed so far.
The expressions corresponding to the diagrams in Fig. 1 are:

(a) (V,B)-(U,a), where (U,a): X — Y and (V,B):Y — Z;

(®) (U,2) ® (¥, B), where (U,a) : X; — Yy and (V, ) : Xa — 15
(c) foy (U, a);

@) r,(Ua): X = Y;

(e) (Valy : X = 1;

) Llx): X = X;

& (pr):X -1

(h) (L4dx): X - X R®X;

() Lex,x) X1 @K — Xo QX

(j) foy (U, o)y : X — Z; and

k) (V,B)y - (U,a), where (U,a): X — Y and (V,B):Y — Z.



P. Katis et al. | Journal of Pure and Applied Algebra 115 (1997) 141-178 149

o B
(@ x ‘DY Z
o
o
X i X Z
(b) B (©)
IYZ @ Y2 Y
o o8
d x -Dly e xX Y
) x X & X — I
X Xl Xz
(h) ) X
X X, X,
o4

X —<
” i
X V4
G k) x Y z

Y

Fig. 1.

Notice that, in the above diagrams, there are two types of labels associated with
wires: letters at the same level as the wires — for example, the letters X,Y and Z in
(a); and letters above the wires which denote delays, as in (d) and (e). (j) and (k)
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have been included to indicate that wires need not be labelled twice. Furthermore,
when drawing composites of wires there is no need for an indication of the domain
and codomain of each term in the expression.

3.3. Circuits and dynamical systems

Engineers realized long ago that many dynamical systems may be both studied
and built using three operations: series (or composition); parallel (or tensor prod-
uct); and feedback. Consider the functor category Set, where N denotes the ad-
ditive monoid of natural numbers. To give an object of this category is to give
a set, U, and an endomorphism of that set, « : U — U. Such an object is a
model of dynamical systems with a state-space U which have the property that if
the system has the state ¥ € U at a particular point in time, the system will have
the state a(x) € U at a specified unit of time later. The category SetN is iso-
morphic to the category Circ(Set) ([,/), where [ is the terminal object
of Set.

An expression in Circ(Set) (the evaluation of which is a circuit) from 7 to / will
give us a dynamical system of the form o : U;...U, — Uj...U,; that is the set of
states of the resulting system will be expressed as a product, though the action may
not be. In fact, any dynamical system of the form « : UV — UV can be realized as the
evaluation of the expression fb}f,((V,cU,V -t} ). More generally, expressions of circuits
will indicate the ‘dynamic dependence’ of each component of (the state-space of) the
system upon the other components. For example, the composite of (U,«):/ — X and
(V,B): X — I gives rise to the dynamical system

(UB)-(aV) : UV — UV

H(w,0) = (pu - o), B(px - «(u),v)).

The U-component of a future state of this system is determined just by the U-
component of the present state, while the ¥-component will depend both upon the
variables u and v. From the diagram associated to a general expression of circuits we
can see at a glance the components upon which any given component may depend.
Given a system o : U;...U, — U, ... U, suppose we were interested in the possible
behaviours of just one of the components, U;. In general, ail the elements of U, ...U,
must be considered as possible initial states for a behaviour; but by knowing on which
components U; depended, the number of starting states that need to be taken into ac-
count in order to determine the behaviours of U; is greatly reduced. These consider-
ations are clearly relevant to the study of dependence (and independence) structures in
distributed systems [9,14,18].

Note that if X, U and Y are finite sets, the circuit (I,a) : X — Y is precisely a
Mealy automaton [16]. The bicategory Cire(C), therefore, also provides a calculus for
studying Mealy automata.
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4. Properties of feedback

The main result of this section will be a normal form theorem for expressions in
bicategories of circuits. Before getting to this, a number of properties satisfied by the
feedback operation will be examined, including the axioms for (a bicategorical version
of) a trace. The isomorphisms referred to in the theorem and propositions of this
section are natural (the variables being, of course, the circuits used in the results).
The verification of this is straightforward and left to the reader. Also, we will write as
if composition in our bicategories were strict. (Note that the identity and associative
isomorphims for horizontal composition in the bicategory QX(C,®) are constructed
from the identity and associative isomorphisms for ®.)

4.1. Traced monoidal properties

The following proposition claims that the operation fbY , is natural in the variable Y.
This is referred to in [12] as the sliding axiom for a trace.

Proposition 4. If (U,a) . X QY > ZQW and (V,B): W — Y are circuits, Y can be
fed back in (ZQ(V,B))-(U,a) : X®Y — ZQY if and only if W can be fed back in
(U,a) - (X@WV,0): X@W — ZQW. Moreover, cy,y defines the 2-cell isomorphism

fbx 2(Z ® (V, §)) - (U,2)) = fbk ,((U,2) - (X & (V, ))). (4)

In terms of circuit diagrams, we have:

o oq
¥ [y — e\ 5
Y- = W-
W- Y-

Proof. First we note that

(ZoW,p)) - (Ua) = (UV,(UczyY) - (UZB) - (aV))
and

(U, ) - (X @ (¥, B)) = (VU,(Va) - (cx.v YU ) - (XBU)).

Suppose Y can be fed back in (Z @ (V,8)) - (U,a), and let § : XUV — Y be the
structure map. That is, (Xcyy,y ) - (lxwy,0) : XUV — XYUV is the equalizer of the pair

Py, py - (Uezy¥) - (UZB) - («V) : XYUV — Y.
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So if (x,u,v) is an arbitrary map into XUV, we have

B(Xs u,v) = py- ﬁ(pW : a(x’ B(X’ u,v), u),v). (5)

We claim that y = py - a(cyxU) - (6, pxv) - (Xey,u) - XVU — W is the structure map
for feeding back W in (U,a) - (X ® (¥, B)).
Now,

pw - (Vo) - (exp YU) - (XBU) - (x, ¥(x, v,u), v, u)

= pw - ax, py - P(y(x, v,u),v),u)

= pw - 2(x, py - B(pw - a(x, 0(x, u,v),u),v),u)

= pw - &(x,0(x,u,v),u) (by (5))

= p(x, v,u).
So (Xeyuw) - (1xvu,7) equalizes py, and py - (Va)- (cx vy YU) - (XBU).

Second, to see that (Xcyy w)-(Lxyy,7) is in fact an equalizer, suppose that we have
a map (x,w,v,u) into XWVU such that
w = pw - ax, py - B(w,v),u).

Then

Dy~ ﬁ(W,U) = pyr - ﬁ(PW . a(x’ Py ﬁ(W, v),u), U)‘
Since (Xeyy,y) - (1xuv, 8) is an equalizer, py - f(w,v) = 6(x,u,v). Therefore,
w = pw - alx, 0(x,u,v),u)
= ))(x, v’ u)'

This proves that y is the structure map for feeding back W in (U,«) - (X ® (V,B)).
A similar argument will show that if y is the structure map for feeding back W in
(U, 2)- (X@W.B8)), py-B-cvw-(pr,7) - (Xeyy) will be the structure map for feeding
back ¥ in (Z ® (¥, B)) - (U, ).

We now turn to the main result of the proposition. Suppose that & is the struc-
ture map for feeding back Y in (Z ® (V,B)) - (U,a), and therefore y =
pw - alcy,xU) - (0, pxu) - (Xey,y) will be the structure map for feeding back W in
(U,a) - (X ® (¥, B)). By the definition of feedback, we have

fox,2((Z ® (V, B)) - (U, @) = fox ;(UV, (UczyY) - (UZB) - (a¥))
= (UV,¢),
where & = pyyz - (UczyY) - (UZB) - (aV) - (Xeyw,v) - (1xuw, 8). Also
fox (U, ) - (X @ (¥, B))) = b ;(VU, (V) - (cx » YU) - (XBU))
= (VU,n),
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where n = ppyz - (Va) - (cx,y YU) - (XBU ) - (Xeyuw) - (Lxvw, ¥)). We now have

puz - e(x,u,v) = puz - oalx, 0(x,u,v),u)

— ol [ TNV S S S R SN
= PUZ &L, Py - pUAKL LU,V U) DY (D))

= puz - 1(x,0,4),
and
pV S(X,’u’,b’) = pV f@(pW a(x59{xauav)au)’v}

= pr- ﬂ('}’(X, v,u),v)
= pv - n(x,v,u).

So clearly, cy.y : UV — VU defines a 2-cell
fox 2 ((Z ® (V. $)) - (U,2)) = b7 (U, 2) - (X @ (V,B))). DO
The naturality of X and Z (or the tightening principle) is the claim of

Proposition 5. If' Y can be fed back in the circuit (U,a) : XQY - ZQY, Y can also
be fed back in (W,y)@Y) - (U,a)- (V,})@Y): X' ®Y — Z' @Y, for all circuits

£ 7X7

Y Iy 4 Ly 72N 1 /Y7 0N /! 7 AL - 21 s 7 . . P AL
Wy):Z—- 2 and (V,B): X' — X. Moreover, the unit and associative isomorphims
for ® yield a 2-cell isomorphism

(W,y) - oy 2(U,a) - (¥, ) 2 foy 2, (W, 1) ® ¥) - (Uy2) - (V. B) ® ). (6)

In terms of circuit diagrams, we have:

Y ¥ >

Proof. Consider circuits (U, ) : X®Y - ZQY, (V,f): X' - X and (W,y):Z — Z'.
Let

(W) Y) - (Ua) (V,B)®Y)=(VUW,¢),
where

e = (VUpY)- (VUZeyw) - (VaW) - (BYUW) - (X'cy,y UW).
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Suppose that we can feed back Y in (U,«), and let 8 : XU — Y be the structure map.
Then we know for all maps (x,u) into XU

py - ofx, 0(x,u),u) = O(x, u). (7

We claim that Y = 0 - pxy - BUW : X'VUW — Y is the strucuture map for feeding
back Y in (VUW,¢). First note that for all (x',v,u,w)

pr-e- (X'cyumy) - (X' VUW, )X v,u,w)
= pr - ¢(x',0(px - B(x'v),u),u)
= py - «(px - B(x',0),80px - B(x',v),u),u)
= 0(px - B(',v),u)  (by (7))
= Y(¥, v, u,w).

Second, if (x', y,v,u,w) is a map such that py - &(x’, y,v,u,w) = y, then we have that
y = py-a( px - B(x’,v), y,u). Since 8 is the structure map for feeding back ¥ in (U, a),
we have that

y = 0(px - B(x',v),u)
= y(x',v,u,w).
So X'cyum,y -(ILxrvuw, W) : X'VUW — X'YVUW is the equalizer of the pair p}, py-¢:

X'YVUW — Y, meaning that ¢ is the aforesaid structure map. A straightforward
calculation will now verify the existence of the isomorphism (6). O

Note that the converse of the first statement of the above proposition is not true.
The following is a counterexample. Let

X=Y={12}, I={x}
and
a: XY =Y
(L) —1
(1,2) — 2
2,1)—1
2,2)— L
Consider the circuit in Set, (La) : X®Y — I®7Y. If E is the equalizer of p}, py-a:

XY — Y, clearly |E| = 3. So (I,&) cannot have a structure map for feeding back Y.
Now, if we consider the circuit (/,2): 7 — X, where 2 : I — X : % — 2, then

La) (L2DYRY)Y=Uo-2Y):IQY - I®Y.
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Since
x-Q2Y):Y =Y
11
21

has a unique fixed point, ¥ can be fed back in (Z,a - (2Y)).
The following two propositions show that feedback satisfies, what is referred to in
[12] as, the vanishing axioms.

Proposition 6. For any circuit (U,a) : X — Y, the unit isomorphism for @ defines
the 2-cell isomorphism

ol (U, 2) ® (1, 1)) 2 (Uy ). (8)

In terms of circuit diagrams, we have:

Proposition 7. Let (U,2) : X®YR®Z > AR Y ®Z be a circuit. If we can feed back
both Z in (U,a) and Y in fb§®XA®y(U,a), we can feed back Y @ Z in (U, ). In this
case,

foy (0% gy 4oy (U, a)) = 035%(U, o). 9)

In terms of circuit diagrams, we have:
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Proof. Let 6 : XYU — Z be the structure map for feeding back Z into (U,a) :
XQ®Y®RZ—>AQY QZ. Then we have for all (x, y,u)

Pz fl(x, Y, G(X, y’u)au) = G(X, yau)- (10)
So
fb)z(®Y,A®z(U,°€) = (U, puay - ¢+ (XYcy,z) - (1xyv, 0)).

Let  : XU — Y be the structure map for feeding back Y into fbi/@y’ 4oy(U,2). Then
for all (x,u)

py - a(x, l//(x1u)’ O(X, l//(x’u),u)’u) = l//(x9u)' (1)

The claim is that y = (py,0) - (Xcu,y) - (Ixv,¥) : XU — YZ is the structure map for
feeding back Y ® Z into (U, ). To see that (Xcy yz) - (1xy,y) is the equalizer of the
pair pl,, pyz-a:XYZU — YZ, first note that

pyz - (X, Y(x, u), 0(x, Y(x, u), u), u)
= (Y(x,u), 8(x, (x,u),u)) (by (10) and (11))
= y(x, u).
Furthermore, suppose there exists a map (x, y,z,u) such that
pyz - o(x, y,2,u) = (3,2).
Then z = 6(x, y,u), since § was the structure map for feeding back Z. Therefore,
py - ox, y,0(x, y,u),u) = y and, since ¥ is the structure map for feeding back ¥, y =
W(x,u). Thus,
(6, y,2,u) = (x, py - y(x,u), pz - Y(x,u),u).
So, 7 is the sought for structure map. Eq. (9) follows from a straightforward

calculation. O

It is easy to find a counterexample to the converse of the above proposition. Let
Y=Z={1,2}, I={x}
and
«:YZ - YZ
(1, D) —(1,1)
1,2)— (2,1)
2,1)—(1,2)
(2,2) — (1,1),
and consider the circuit (1,2): /Y ®R®Z -IQY R Z.
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Fig. 2.

Since « has a unique fixed point, Y ® Z can be fed back into (/,a). Notice, however,
if E is the equalizer of p,, pz-a:YZ — Z, |E| =1, while |Y| = 2. So, Z cannot be
fed back into (/,a).

Proposition 8. Suppose Y can be fed back in (U,a): X QY — Z® Y. Then for any
(V,B):A— B, Y can be fed back in

(Z&Lexp)) (Ua)@ (V. B))- (X ® (Lcay)) : XAY — ZBY.

Furthermore, the unit and associative isomorphisms for ® define the 2-cell isomor-
phism

(foy 2(U,2)) & (¥, B) 22 fbl, 75(Z ® (L cy.5))
(U,0) @ (V. 8)) - (X ® (I,ca,v)). (12)

In terms of circuit diagrams, we have Fig. 2.

Proof. To begin with, observe that

(Z&Lerp)) - (Ua) @V, B)) - (X ®(Lca,y)) = (UV,e),
where

£ = (Ucz,yBY) - (UZey,yg) - (o x B) - (Xeu V).

Suppose that  : XU — Y is the structure map for feeding back Y in (U, «). We will
show that y = 8- pyy : XAUV — Y is the structure map for feeding back Y in (UV,e).

We know that (Xcy,y)-(1xv,0) : XU — XYU is an equalizer of pY, py-a. Therefore
(Xeuy) - (1xy,00)AV : XUAV — XYUAV is an equalizer of

(PY)AV, (py - 2)AV : XYUAV — YAV.
In fact, (Xcy,v) - (1xv, 8))AV will also be an equalizer of the pair

Py pr - (0AV) : XYUAV — Y.
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So, (Xdcyr,y) - (Axauy,y) : XAUV — XAYUV is an equalizer of
Pyspr - (@dV) - (Xeq V) : XAYUV — Y.

Clearly, then, (Xdcypy) - (1xquyv,7) is also an equalizer of
Dy, Py - €. XAYUV — Y.

That is, y is the aforesaid structure map. A straightforward calculation yields isomor-
phism (12). O

This last result shows that feedback satisfies the superposition principle for a trace.
The final axiom for a trace is yanking. For feedback, this amounts to

Proposition 9. For all X there exists a 2-cell isomorphism
o x (exx) - (L 1x) ® (1 1x))) = (4 Ly). (13)

In terms of circuit diagrams, we have:

The following proposition is needed for proving Theorem 1.

Proposition 10. For any two circuits (U,a) : X — Y and (V,B): Y — Z, Y can be
Jed back into (Icyz) - (U, a) ® (V, 8)) and, moreover,

(V. B) - (U,a) = (L, cx,2) - (U, ) @ (¥, B))). (14)

In terms of circuit diagrams, we have:
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Proof. Note that, by the functoriality of ®,

(U’a)® (V9ﬁ)g((1’1}') (U’a))®((V’ﬁ) (191}'))
2({(L1y)® (V. ) - (U,a) ® (L, 1v))
(LT B)) - (L1pn) - (U,a)@ (L,1y)).

Therefore,

b} 7 ((Lerz) - (U,0) @ (7, §)))
= b} ,((Lerz) (L) @ (V. 8)) - (h1y2) - (U, ) @ (1 11)))
= b}, (K, 8) ® (L 1r)) - (hery) - (L 1y) - (U 0) ® (4 1y)))
= (V.p) - o} y(cr.y) - (L 172)) - (Uya)  (using (6))

> (V) (U,a) (using (13). O

4.2. Normal form theorem

We are now in a position to prove a normal form theorem for expressions in bicat-
egories of circuits. (In fact, the only ingredients used in the proof are the properties of
a traced symmetric monoidal category.) For the rest of this section, lowercase Greek
letters will be used to denote circuits. By a circuit we will mean an expression of the
forme: X1 ® - X, = Y1 ®---®Y,. It is clear what is meant by the tensor product
or feedback of such circuits. Let syy = (L,cxy) : X ® Y — ¥ ® X be the symmetry
for the tensor in a bicategory of circuits. When there is no cause for ambiguity or
when precise specification is not relevant, the symmetry will be written as s = sy y.
Similarly, fb}é 2 will often be written as fb.

Theorem 1. Any expression constructed from the circuits ay,...,a, via the operations
composition, tensor product and feedback is naturally isomorphic to an expression of
the form fb(n- (1 ® -+ - ® a,) - '), where n and ' are permutation wires.

Proof. Let T be an expression constructed from the circuits ay,...,, via the opera-
tions composition, tensor product and feedback. By Proposition 10, we can replace ev-
ery occurrence of a composite in 7, say ¢- 7, by an expression of the form fb(s-(n ® ¢)).
So we can assume the only composites occurring in 1" are ones of the form s - 7.

For any expression 7, let #fb(7) be the number of occurrences of the feedback
operation in 7. Before proceeding by induction on #fb(7"), we note some simple
relations between composition with permutations and the tensor product and feedback
operations.
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If ¢ and # are circuits and n is a permutation wire whose codomain equals the
domain of &, there are permutations p and p’ such that

M@ (n-e)=p-(n®e¢)
and
(m-e)@n=0p"-(c®@n).

Also, given a circuit ¢ and permutations © and zn’ of the input and output of fb(e),
there exist permutations p and p’ such that

n-fbe) - n' = fb(p-¢-p').

For the case #fb(7) =0, clearly T = - (¢ ® --- ® a,), for some permutation =.
So, by the isomorphism (8), the claim of the theorem holds.

Assume that the theorem is satisfied if #fb(1") = n, where n > 0. Suppose #fb( 1) =
n + 1. Then there exist expressions @ and ¥ and a permutation w; such that T is
naturally isomorphic to m; - (fb(®) ® ¥). We know by Proposition 8 that there are
permutations 7, and 7 such that

(PR Y X fb(my - (PR YP) - ).
Therefore,
T fo(n - (B® P)-5)
= fb(n; - (P Q Y) - my),

where 73 is a permutation.
Note that #fb(®® V) = n and P ® ¥ must be constructed from the circuits a;,..., &,
and permutation wires. So by the induction hypothesis,

PRY 2 fb(ny- (@ @) - 7Y),

where 74 and #, are permutations. Therefore, there are permutations n and n’ such
that

T fb(ns - b(ms (1 @ -+ ® 0) - 74) - h)
2 b(fb(n: (o) ® - R ap) - ')
=fb(n (¢ ® - Qa,)-n’') (by Proposition 7). O

The proof of the above theorem provides an algorithm for converting any expression
of the circuits «;,...,a, into an expression of the form fb(w- (¢ ® --- Q@ a,) - 7'). In
fact, it is clear this algorithm can be generalized in order to handle the situation when
our expressions are built out of a finite number of specified components.
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5. Behaviours and equilibrium states of circuits

Only circuits in Set will be considered in this section. The constructions presented
here may also be defined for circuits in a topos with a natural numbers object.

5.1. The homomorphisms behaviour and equilibrium

Let us recall the notions of equilibrium and behaviour which we intend to generalize.
Consider the global sections functor

Set™(1,-): Set™ — Set
Xa: X o X)— {xeX]|ax)=x},

where 1 is, of course, the terminal object of Set™. A natural transformation f : 1 —
(X,a) is called an equilibrium state of the dynamical system (X,a). So the global
sections functor sends a dynamical system to its set of equilibrium states.

For the rest of this paper N will denote the set of natural numbers. Let T : N — Set
denote a representable functor in Set™. Suppose (X, a) is any other dynamical system.
Then to give a natural transformation f: 7T — (X,a) is to give a sequence (X;)ien
of elements of X such that a(x;) = x;;;. We call f a behaviour of (X,«). Thus the
functor

Set™(T,-) : SetN — Set

will send a dynamical system to the set of behaviours of that system.

In this section the bicategories Circ(Set) and Span(Set) will be written as Circ and
Span respectively. Spans from X to Y will be represented by ordered triples ( p, ¥, q),
where p:W — X and g : W — Y. We call p the first leg, g the second leg and W
the centre of the span.

If (U,a) : X — Y is a circuit, an element of U is called a state of (U,«), and an
element of X or Y is referred to as an input or an output for (U,a) respectively.

Definition 3. The following data define the homomorphism
equilibrium : Circ — Span.

(a) If X is an object of Cire, equilibrium(X) = X.
(b) If (U,a): X — Y is a circuit, let

W = {(x,u) € XU | py - ox,u) = u},
p W —=X:(xu)—x,
and

q: W — Y :(x,u)— py-alx,u).
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Then, equilibrium(U,a) = (p, W, q). If (x,u) € W, u is called an equilibrium state of
the circuit.

(€) If 8: (U,a) — (V,B) is a 2-cell between circuits, let W and W' be the centres
of equilibrium(U, o) and equilibrium(¥, ) respectively. Then

equilibrium(8): W — W’
(x,u) > (x,0(u))

defines a 2-cell in Span.

Implicit in the above definition is the claim that the above data define a homomor-
phism of bicategories. We will only present the proof that composition of arrows is
preserved up to a natural isomorphism.

Let (U,a) : X — Y and (V,B) : Y — Z be circuits. Then the centre of equili-
brium(¥, §) - equilibrium(U, &) is the set

S ={(x,u, y,v) € XUYV | py-a(x,u) =u, py-alx,u)=y
and py - f(y,v) = v)},
while the centre of equilibrium((¥, B) - (U,)) is the set
W = {(x,u,v) € XUV |(py - a(x,u), pv - B(py - alx,u),v)) = (u,0)}.
The function
bw,ayrpy S — W
(o u, y,0) = (x,u,0)

is bijective, since the rule (x,u,v) — (x,u, py - a(x,u),v) defines a function that is the
inverse of by, q)v,p). It is straightforward to check that this isomorphism is natural in
the variables (U,a) and (¥, ). So equilibrium preserves composition.

Definition 4. The following data define the homomorphism

behaviour : Circ — Span.

(a) If X is an object of Circ, behaviour(X) = XV,
(b) If (U,a) : X — Y is a circuit, let

W = {(xi,us, y:)ien € (XUYYV |V; € N alxi,u;) = (usr1, y1)},
p:W —XxV

D (i Uiy Yidien — (Xt ien
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and
g: WYV
s (xis iy Yidien = (Vidien-

Then, behaviour(U, o) = (p, W,q). An element w € W is called a behaviour of the
circuit, while p(w) and gq(w) are respectively called the corresponding input and output
behaviours.

(¢) If 8: (U,a) — (V,B) is a 2-cell between circuits, let # and W’ be the centres
of behaviour(U, «) and behaviour(¥, §) respectively. Then

behaviour(8) : W — W’
2 (xis g, Yiien = (xi, 0(), yidien
defines a 2-cell in Span.
Implicit in this definition is the statement that the above data define a homomorphism
of bicategories. Again, we will only prove that composition of arrows is preserved up
to isomorphism.

Let (U,a): X — Y and (V,B):Y — Z be circuits. Then the centre of beha-
viour(¥, ) - behaviour(U, «) is the set

S = {(xis wis yis ¥, Vs Zi Yiew | Vi € N a(xiy i) = (i1, ¥i)s ¥i = ¥;
and B(yi,v1) = (vi+1,21)}

while the centre of behaviour((V, §) - (U,a)) is the set

W = {(xi, ui, v3, 2i Jiew | Vi € N (UB) - (0¥ )i, i, ;) = (shi41, i11,21) }-
The function

dwa,mp S =W

© (Xis iy Yiy Yis Vs Ziien = (Xi Uiy Uiy Zi DieN

is bijective, since the rule

(i, i, U1, Ziien > (Xiy iy Py - (i, ), py - o, i), Ui, pz - B(py - alxi, ur), 01) dien
defines a function that is its inverse. The function d(y,«),(r,s) defines an isomorphism

of spans that is natural in the variables (U,«) and (V,f). So behaviour preserves
composition.
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Fig. 3.

Notice that, on the category Cire(Z,/), equilibrium and behaviour coincide with
SetN(l, —)and SetN(T , — ) respectively.

5.2. Remarks on the interpretation of circuits

A circuit (U,a) : X — Y models a system whose motion is controlled by a set
X of actions. That is, if the state of this system at a particular point in time is
u € U and the system is then acted upon by x € X, the system will change its
state to py - a(x,u). Accompanying this change of state is the output py - a(x,u).
A behaviour of the system is determined by an initial state and a sequence of ac-
tions. Fig. 3 should elucidate these remarks. The figure represents a span of cate-
gories. The centre of this span is the free category on the directed graph with vertex
set U and whose edges from u € U to 4’ € U are pairs (x,y) € XY such that
o(x,u) = (u',y). This category records both the states and the possible motions of
the system. The domain and codomain of the span are respectively the free monoid
on X and the free monoid on Y. The fact that the elements of X act on the sys-
tem can now be expressed by stating that the left leg of this span is a discrete op-
fibration.

Let us consider the behaviours of an infinitesimal, say (L,a) : X — Y. As

behaviour(Z,a) = (1w, XV, o) : XV - ¥V,
any sequence (x;);ey € X" will be a behaviour; that is, there are no internal dynamics

governing the motion of the circuit as its state-space is I. These structures are called
infinitesimals since an input x for (,«) immediately manifests itself as the output a(x).
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Of particular interest are the wires. Consider the diagonal wire, ([, 4x) : X — XX:

X

X

Though there is a bijection between the set of behaviours of (/,4x) and (/, 1), the
circuits are different — the output of the first process is XX, while the output for the
second is X. So wires are examples of circuits which can be viewed in two ways: on
the one hand, as distributed bodies with a domain and codomain that can be composed
with other circuits: on the other hand, as a device which behaves as a single unit or
equipotential region.

As a behaviour (x;,u;, y;)iey of (U,a) : X — Y satisfies the condition a(x;,u;) =
(411, y;) (instead of the condition a(x;,u;) = (%11, yi+1)), the reader may well ask
whether all circuits are, in some sense, infinitesimals. It is true that circuits in general
may have an infinitesimal aspect, and this is essentially why feedback was not defined
for all circuits. (Try feeding back an instantaneous not gate.)

However, as was shown in Section 3, delayed circuits can always be fed back. In
fact, to give a behaviour of (U, o)y is equivalent to giving a sequence (x;,u;, ¥;)ien
such that a(x;, ;) = (w1, yit1)-

5.3. Preservation properties of equilibrium and behaviour

For the homomorphisms equilibrium and behaviour to be of any interest they must
preserve the operations we can perform on circuits. The preservation of composi-
tion has already been shown; of course, before we can talk about the preservation
of the tensor product and feedback, Span must be equipped with such operations.
Span is, however, a compact closed bicategory (and hence a traced symmetric
monoidal).

Definition 5. A symmetric monoidal structure on Span is defined by the homomor-
phism ® : Span x Span — Span, the data for which we now present.

(a) If X and Y are objects of Span, X ® ¥ = XY.

O I, W,9): X > Aand (p,V,q):Y — B are spans,

W9 (p,V,9)=(f x p,WV,g x q).

)IfO: W — W and ¢ : V — V' define the 2-cells 0 : (f,W,g) — (f',W',g")
and Y : (p,V,q) — (P, V',q"), 0@y = 8 xy defines a 2-cell from (f,W,g9)R(p,V,q)
to (f,W.,g)Y® (P, V'.q).
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Definition 6. For any triple X,Y,Z € ob(Span) the functor
Fby , : Span(X ® ,Z ® Y) — Span(X,Z)

is defined as follows:

(@) If (f,W,g)is aspan from X ® Y to ZQ Y, let e : E — W be the equalizer in
Set of the pair py - f, py-g: W — Y, where py : XY — Y and p} : ZY — Y are
projections. Then, Fb(f,W,g) =(px- f -e,E, pz-g-e) is a span from X to Y, where
px : XY — X and pz : ZY — Z are projections.

(b) Let (f,W,g) and (f',W',4’) be spans from X ® ¥ to Z® Y, and suppose
6:W — W' defines a 2-cell from (f,W,g) to (f',W',g'). Let Fb(f,W,g) = (p,E,q)
and Fo(f',W',g') = (p',E',q'),and let e : E — W and &' : E' — W’ be the equalizers
as defined above. Then, by the universal property of equalizers, there exists a unique
function Fb(f) : E — E’ such that - e = ¢’ - Fb(8). It is clear that Fb(f) defines a
2-cell from (p,E,q) to (p',E’,q).

We note that the operation Fb satisfies all the defining properties of a trace (with
equations being replaced by natural isomorphisms, of coyrse).
The main result of this section is

Theorem 2. The homomorphisms equilibrium and behaviour preserve the operations
tensor product and feedback up to natural isomorphisms.

Proof. We only show that equilibrium preserves tensor products and feedback since
the proof that behaviour preserves these structures is very similar.

We adopt the following notation. The tensor products on Circ and Span will be
denoted by ®circ and ®span Tespectively, though when considering the tensor product
of objects we will use ® for both. The action of ®cire and ®span On hom-categories
will be represented respectively by

@EALE . Cire(X,4) x Cire(Y, B) — Cire(X ® ¥,A® B)

Circ .
and
Fa? : Span(X,4) x Span(¥, B) — Span(X ® ¥,4 ® B).
Also,

equy y : Cire(X,Y) — Span(equilibrium(X), equilibrium(Y))

will denote the action of equilibrium on hom-categories.
We now show that equilibrium preserves tensor products by constructing a natural
isomorphism

AY,B . oXAYB X,4,Y,B
b* ! ®span - (€Quy 4 X €quy g) — €QUygy 408 * O

Let (U,a): X — A4 and (V, ) : Y — B be circuits. Then the centre of the span

equy (U, 0)Sgrmr” €quy, 5(V, B)
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is the set
S = {(x,u, y,v) e XUYV | py - a(x,u) = u and py - B(y,v) = v},
while the centre of the span

eQUy gy 405((U, )Sea 2 (¥, 8))

is the set

T ={(xy,u,v) € XYUV | pyy - (& x B)(x,u, y,v) = (u,v)}.
Clearly

XAYE
By S =T

2 (U, y,0) = (X, y,u,0)
defines an isomorphism of spans. It is straightforward to check that it is natural in
(U,a) and (¥, B).
Let us turn our attention to feedback. The full subcategory of circuits from X ® Y to
Z ®Y for which we can feed back Y is denoted by 1 : Set; 72 Circ(X®@Y,Z®Y).
We are required to construct a natural isomorphism

XYZ . gt Y
a>"e Fby ;- eqQuygy zoy - I — €quy ;- by ;.

Suppose that (U,a): X ® Y - Z® Y is a circuit with a structure map 6 : XU — Y
for feeding back Y. The centre of the span Fb)y(’ z(equygy zoy (U, a)) is the set

S ={(x,y,u) e XYU | py - ax, y,u) = u and y = py - alx, y,u)},
while the centre of the span equX,Z(fb;,Z(U,a)) is the set
T ={(x,u) € XU | py - a(x,0(x,u),u) = u}.
By the defining property of 6, py - a(x, y,u) = y if and only if y = 8(x,u). Thus,
aylt 5T
(x y,u) = (xu)

defines an isomorphism of spans. It is easy to check that it is natural in (U,«). O

The scientific value of the previous theorem is that, as one would expect, to give a
behaviour of a constructed circuit is equivalent to giving behaviours of the components
of the circuit that agree on the wires. In Computer Science, this is called the composi-
tionality of behaviour. So we can calculate the behaviours of complicated circuits by
considering the behaviours of the components and then carrying out the construction in
Span. In the following example the circuits (U, «), (V,B) and (W,y) will be denoted
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Fig. 4.

Fig. 5.

Fig. 6.

by «, B and y. It is clear there is a bijection between the set of behaviours of the
circuit

b7 5(ds - B - (o7 () ® 1p) - )
with the corresponding circuit diagram shown in Fig. 4 and that of the circuit
fbfffeéC@D((Sz?@c,B ®1p)- (®1302) (1 ®s48® 15) (lgga @ 43) - (5.2 R B))

with the corresponding circuit diagram shown in Fig. 5. Of course, using the results of
the last section it is easy to see that both these circuits are isomorphic to that in Fig.6.
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5.4. Relations as a model of circuits

In the remainder of this section a connection will be established between Cire and
one of the best known examples of a category which admits a compact closed structure
— namely, Rel, the category of sets and relations. Using the compact closed structure,
there is a way to equip Rel with a trace (or feedback operation). Given a relation
R X®Y —-2Z®Y, Tr(R): X — Z is the relation defined by x(Tr(R))y if and
only if there exists y € Y such that (x, y)R(z, y). Rel can be viewed as a locally
ordered category, and, as the next proposition indicates, is a reflection of the bicategory
Span.

Proposition 11. There is a homomorphism A : Span — Rel which preserves tensor
products and feedback.

Proof. The following are the data for A.

(a) If X € ob(Span), A(X)=X.

(b) If (f,W,g) is a span from X to ¥, x(A(f,W,g))y if and only if there exists
w € W such that f(w) =x and g(w) = y.

Recall that if R,S : X — Y are relations, we write R < § if and only if for x € X
and y € ¥, xRy implies that xSy. It is clear that if there exists a 2-cell from a span
(f.W,9) to (p,U,q), A(f,W,g) < A(p,U,q). A moment’s thought will verify that A
is a tensor product and feedback preserving homomorphism. [

The construction A abstracts from a span only that information which relates the
domain to the codomain, ignoring the internal structure of the span. In fact, combining
this proposition with Theorem 2 yields the result that the homomorphisms

A - equilibrium, A - behaviour : Circ — Rel

preserve tensor products and feedback. So there are two ways in which a relation can
be thought of as an abstraction of a circuit. On the one hand, a relation R: X — ¥
could be used to model the class of circuits of the form (U,a) : X — Y that satisfy the
condition: if xRy then there exists an equilibrium state # € U of the circuit such that
a(x,u) = (u, y). On the other hand, a relation R : X¥ — YV could model the circuits
with input X" and output Y that have the property: if (x;)ieny R(y;)jen then there exists
a behaviour of the circuit with corresponding input and output behaviours (x;);ey and
(¥ )jen-

The category Rel has been used to model real circuits in both these ways in
[11] and [4]. In this sense, the theory of circuits here developed is more concrete
than theories using only locally ordered bicategories such as Rel. We wish to point
out that though Rel models neither the internal state nor the dynamics of processes,
it is still of interest since calculations there are relatively simple and often
illuminating.
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6. Elgot automata

An Elgot automaton is defined to be a process in a category with sums, and we
construct a feedback operation for bicategories of such processes. A connection between
Elgot automata and iteration theories is made via a structure preserving homomorphism
from 22(Set,+) to Par, the locally ordered category of sets and partial functions.

6.1. Feedback for Elgot automata
If (C,®) is a monoidal category, let ®° be the induced tensor product on C*.

Proposition 12. The canonical homomorphism
P(c,@) : QX(C,®) — (QL(CP,QP))*P
is a tensor product preserving isomorphism of bicategories.

The local action of @(c,g) Will be denoted by

FLT L QE(C,B)X,Y) — (RE(C™,8))(¥,X)™.

We adopt the following conventions when working in categories with finite sums.
Given a family of arrows (f;:X; — 8)icn), where [n] is a natural number, let
(fil---|fn) : X1+ - -+X, — S be the unique arrow defined by the universal property of
sums. If ¢ : [j] — [n] is an injective function, write ix,, +...+x,,, : Xp)+- - +Xp) —
X1+ -+ X, for the obvious composite of an injection and symmetries (except in those
circumstances where this notation would be ambiguous).

Let C be a category that admits finite coproducts. Let & denote the canonial tensor
product on QZ(C,+). A process in (C,+) is called an Elgot automaton in C, and we
write Elgot(C) for QX(C,+). The concept of an Elgot automaton arose in the analysis
of imperative programs [8, 13].

Suppose (U,0) : X &Y — Z& Y is an Elgot automaton with the property that there
exists 7: Y — U + Z such that (Iy4z|7):U+Z+Y — U + Z is the coequalizer of
the pair i}, oiy : Y > U+Z+Y, where iy : Y - U+Z+Y andiy: Y - X+Y+U
are injections. In this case, we say we can feed back Y in (U,a) and 7 is called
the structure map for feeding back ¥ in the process. Define (C,+)/’\’,’ 2 to be the full
subcategory of Elgot(C)(X @ Y,Z @ Y) consisting of those Elgot automata which have
a structure map for feeding back Y.

Proposition 13. The isomorphism 45?8:’)2” restricts to an isomorphism
XYZ Y Y
'II(C,+) . (C9 +)X,Z - ((Cop’ X)Z,X)Op’

where, of course, X = +°P,
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A feedback operation for Elgot automata is now defined via the feedback operation
for circuits.

Definition 7. The functor f5(C,+)% ; : (C,+)}; — Elgot(C)(X,Z) is the composite

, - X+Y,Z+Y
(PLE )™ (B(CP, )] ) - Wi

So, if (U,a): X @Y — ZDY is an Elgot automaton with a structure map 7: Y —
U + Z for feeding back Y,

f(C, +)} ,(U,0) = (U,(ly4z | 1) - o - ixyu) : X — Z.

As the homomorphism @ ;) preserves tensor products, it is clear that traced
monoidal properties and the normal form theorem that were proved in Section 4 as
well as the results relating feedback and delayed circuits in Section 2 are true for
fb(C, +). Diagrams can also be drawn for expressions built out of the operations com-
position, & and fb(C, +). The only difference between Elgot diagrams — the diagrams
for Elgot automata — and diagrams for circuits is that the diagonal and projection wires
are replaced by the following codiagonal and injection wires:

§>—X I——X

6.2. Interpretation of Elgot automata

The reader is encouraged to think of an Elgot automaton in Set as a dynamical
system (that is, as an object of Set™) equipped with a set of starting states and a set of
equilibrium (or final) states. For example, consider the automaton (U, «) : X — Y as the
dynamical system (a-iy |iy) : U+Y — U+Y, where a-iy : X — U+Y defines the set
of starting states and Y is the set of equilibrium states of the system. The ‘cobordism’
picture in Fig. 7 illustrates the features of an Elgot automaton. The diagram indicates
there is a vector-field on the state-space of the system governing the motion of the
automaton. While the map with domain X (determining the initial states) is arbitrary,
the inclusion of the final states Y is cofibrant. In fact, via Grothendieck’s generalization
of the semi-direct product construction, each Elgot automaton (U,a) : X — Y in Set
gives rise to a cospan X — U + Y « Y in Cat:X and Y are the discrete categories
with object-sets X and Y respectively; U + Y is the category obtained by applying the
Grothendieck construction to the presheaf ((x-iy |iy): U+Y 2 U+Y) € SetN; the
functor X — U + Y is determined by the function a-iy : X > U+Y;andY - U+ 7Y
is determined by the injection iy : ¥ — U+Y. The functor Y — U + Y is a cofibration
in the sense of [10].

As is indicated by the above picture, there may be problems with feeding back an
Elgot automaton if the input is mapped onto the output. This problem can be avoided
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Fig. 7.

Fig. 8.

by delaying either the input or the output of the process, since, as was the case with
circuits, if (U,a) : X ® Y — Z&® Y is an Elgot automaton, ¥ can be fed back in
either y(U,a) or (U, a)y. In terms of cobordism pictures, it would be fair to represent
delaying a process by the addition of a tube: we could draw (U,a)y : X @Y - YD Z
as shown in Fig. 8 and fb} ,((U,a)y) : X — Z as shown in Fig. 9.

By a behaviour of the Elgot automaton (U,«) : X — Y we mean a behaviour of
the dynamical system (a - iy|iy) : U+ Y — U + Y that starts in X — that is, a
sequence (s;)iey € (U + Y)Y together with x € X such that so = a - ix(x) and
(a - iy |ir)(s;) = si41. In fact, by drawing the Elgot diagram for an expression in
Elgot(Set), a particular state of the system can be visualized as lying in one of the
components of the diagram. In this sense, it is useful to think of a behaviour of the
circuit as the behaviour of a pulse that enters the device at the input wires and then
moves according to the dynamical laws given above, perhaps exiting the device at
one of the output wires. Viewing an infinitesimal in this way, we see that a pulse
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Fig. 9.

entering the device will instantaneously exit on an output wire. It is, however, simpler
to consider the input—output behaviour of an Elgot automaton.

6.3. Input—output behaviours of Elgot automata

In order to define the input—output behaviour of an Elgot automaton, the locally
ordered bicategory of sets and partial functions need to the introduced. Bicategories of
partial maps were defined in [5] and, as pointed out there, can be constructed from
left exact categories. Left exactness, however, is not enough to equip the resulting
bicategory of partial maps with a trace. Certainly, any topos will suffice. We content
ourselves here with using sets and functions.

Definition 8. The following data define Par, the locally ordered category of sets and
partial functions:

(a) An object in Par is a set.

(b) An arrow from X to Y in Par is an isomorphism class of spans from X to ¥
of the form (i, U, f), where i : U — X is a monomorphism. The equivalence class to
which (i, U, f) belongs will be written as [i, U, f].

(¢) There is a 2-cell from [, U, f]: X — Y to [j,¥,g] : X — Y if and only if there
is a 2-cell in Span from (i, U, f) to (j, ¥, g). Note that if such a 2-cell in Span exists,
it is unique; in this case, we write [, U, f]1 < [/, V, 9]

Identities and compositions of arrows and 2-cells are inherited in the obvious way
from Span.

The coproduct in Set induces a tensor product on Par, which is also a coproduct.
Explicitly, [i, U, f1+ [, V.9l =i + /LU +V, f +g].

With respect to the coproduct, Par may be equipped with a traced monoidal structure.
Given a partial function [j,U,g] : X +Y — Z+ Y, we define Tr/{i’z[j, U,gl: X — Z as
follows. (Of course, this operation Tr is not the same as the trace defined for (Rel, ®)
in the previous section.)
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First form the coequalizer

izvyeg
U=Sx+v+4z2-5 0
xvy:J
The claim is that ¢ - iz : Z — @ is a monomorphism. Assuming this and taking the
pullback

0

yields a partial function [7;, P, 73] : X — Z. We take this to be TrX,’ 717, U, gl.

Now, let us show that ¢ - iz is a monomorphism. First, let < be the relation on
X 4+ Y+ Z defined by a 1 b if and only if there exists u € U such that iz,y - g(u) = a
and iy, y - j(u) = b. If ~ is the symmetric relation generated by -, Q is isomorphic
to the set (X + Y + Z)/~, where ~ is the smallest equivalence relation containing ~.

We want to show that if z, z/ € Z, z ~ z/ implies z = z’. Let o = iz,y - g and
B = ix+y - j. Supposing z ~ z’, we know there exists ay,...,a, € X + Y + Z such that
z=agy~ -~ a,=z.(We call this a chain from z to z’.)

If n=0, z=72".If n = 1, there exists u € U such that f(u) = z or f(u) = z’; this
is clearly impossible since f(u) € X + Y. If n = 2, there exists u;, u; € U such that
z=a(u), a1 = B(u;), a1 = P(uz) and z’ = a(up). Since f is injective, u; = up and,
therefore, z = z'.

Suppose n > 3. Then there exists ui,...,u, € U such that a(u;) = z, a(u,) = 2’
and, for all i € {2,...,n — 1}, either a(u;) = a; and B(w;) = a;_| or a(u;) = a;_; and
B(u;) = a;. Clearly there exists i € {2,...,n — 1} such that S(u;_ ) = a;i_1 = B(u;),
implying #,—; = u; and a;_5 = a(u;_1) = (w;) = a;. Thus, z =gy = --- = g, =
@iy &= -+ &~ a, = z’. By induction on the length of the chain from z to z’, we have
that z = z’. So Try [/, U,g] is well-defined.

For example, given [1y,1y,X+Y,g] : X+Y — Z+7, calculate Tr/’{cz[lx+y,X+Y,g] :
X — Z. A moment’s thought will verify that Tr/{',,z[lX”,X +Y,g} = [n,, P, m;], where

P ={(x,z) € XZ|3n € N such that (iz,y - g|iz)'{(x) = z}.

We have claimed that Tr is a trace for (Par,+). In fact, it was shown in [12] that
(Rel, +) is a traced monoidal category, and it is clear that, with respect to the canonical
inclusion Par — Rel, the trace that was there defined for (Rel, +) restricts to the trace
we have just defined for (Par,+).

We are now in a position to prove the main result of this section which will clarify
our earlier remark regarding the input—output behaviour of an Elgot automaton.
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Theorem 3. The data

I/O : Elgot(Set) — Par
X — X
S(Ua): X = Y o Try yllyso, X + Useyy - o]

define a tensor product and feedback preserving homomorphism of bicategories.

Proof. First, let us see why I/O is defined on 2-cells. Let 6 : (U,a) = (V,f): X - ¥
be a 2-cell in Elgot(Set). Remember that this means the diagram

x

X+U U+Y
X+0 l(HY
X+V V+Y

commutes. The universal property of the two coequalizers

X+V X+V+Y
i;w)"ﬁ

guarantees the existence (and uniqueness) of g: Q — (' such that § - g=4q (X +
0+ 7). Therefore, ¢'-ix =0-q-iy and ¢’ - iy = - g - iy. Now, consider the pullback
diagrams

3 K
P>——X P> X
”2‘ [‘7”( “':‘ \q'-i_\-
Z q-iy Q 4 q"iy Q

Since 0-q-iy-m = 0-q'-iy-n; we have ¢'-ix -1, = ¢'-iy - 7. By the universal property
of pullbacks there exists a unique 4 : P — P’ such that n} -4 = ) and 7} - h = 7.
Thus,

1/O(U,a) = [m), P, my] < [m}, P, m3] = JO(V, B).

The traced monoidal properties (for Par) are all that is needed for proving that
I/O preserves composition, tensor products and feedback. The fact that the monoidal
structure in this case is symmetric (rather than balanced) greatly simplifies calculations.
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VA z
év
(i Y = Y vl
<a
2 MU
X X
YB

Fig. 10.

Note that the canonical functor Set — Par preserves sums. Thus, the preservation
by 1/0 of (i) composition, (ii) tensor products and (iii) feedback corresponds to the
easily verified equalities of string diagrams, shown in Fig. 10. (These diagrams are to
be read from bottom to top, as in [12].)

The term I/O is an abbreviation of the phrase input—output. Considering the starting
states as inputs and the final states as outputs, the construction I/O abstracts from
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an Elgot automaton the input—output aspect of its behaviours. The interpretations we
give here to the terms input and output are different to those given in the sections on
circuits. For example, an input for a circuit can be viewed as an action on the internal
state, while an input for an Elgot automaton is an initial condition. Both these points of
view are encompassed within the general notion of a process in a symmetric monoidal
category.

The structure preserving homomorphism I/O indicates there is a close relation be-
tween our theory of bicategories of Elgot automata and the iteration theories of Bloom
and Elgot [3] which attempt to capture the equational properties of the fixed-point
operator in categories such as Par.

7. Final remarks

The reader familiar with concurrency may ask: what bearing does this theory of
processes have on the study of distributed systems? The present paper provides a
basis for developing a deeper theory of input—output systems. By no means have the
definitions in this paper exhausted the notion of process. Other examples of processes
have been studied in [15] in order to model asynchronous circuits. In fact, the sequel
to this paper will investigate processes in a distributive category (admixtures of circuits
and Elgot automata), structures that are related to the notion of an imperative program
as defined in [17]. This is a key to understanding questions of independence and state
reduction in complex systems [9, 14, 18].

Also relevant to the analysis and design of distributed systems are the notions of
abstraction and refinement. As both these terms refer to the comparison of an abstract
model with a more concrete one, it is clear that the 2-cells of bicategories of processes
are essential to the mathematical modelling of these concepts. The relationship between
these ideas and those developed in [7] will bear closer examination.
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